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Answer any three Questions:                                                                                3X15=45 

1. (a) Show that the improper integral ∫ 𝑥𝑚−11

0
(1 − 𝑥)𝑛−1𝑑𝑥 exists if and only 

if 𝑚, 𝑛 are both positive.                                                                                8 

(b) Examine for convergence the integrals: (i) ∫ 𝑒−𝑥2
𝑑𝑥

∞

0
  (ii) ∫

𝑑𝑥

√1−𝑥

1

0
     4+3 

     

2. (a) Let 𝑓: [𝑎, 𝑏] → 𝑅 be bounded on [𝑎, 𝑏]. Show that 𝑓 is Riemann integrable 

over [𝑎, 𝑏] if and only if for each 𝜀 > 0 there exists a partition 𝑃 of [𝑎, 𝑏] such 

that 𝑈(𝑃, 𝑓) − 𝐿(𝑃, 𝑓) < 𝜀.                                                                           8 

(b) Show that every continuous function defined on [𝑎, 𝑏] is Riemann 

integrable over [𝑎, 𝑏]. Give an example of a Riemann integrable function 

which is not continuous.                                                                               4+3 

 

3. (a) Let 𝑓: [𝑎, 𝑏] → 𝑅 be Riemann integrable over [𝑎, 𝑏]. Show that the 

function 𝐹 defined by 𝐹(𝑥) = ∫ 𝑓(𝑡)𝑑𝑡
𝑥

𝑎
, 𝑥 ∈ [𝑎, 𝑏] is continuous on [𝑎, 𝑏]. 

(b) Let 𝑓: [𝑎, 𝑏] → 𝑅 be integrable on [𝑎, 𝑏]. Show that |𝑓| is integrable over 

[𝑎, 𝑏]. Is the converse true? Justify your answer.                                     8+4+3 

 

4. (a) Prove that a necessary condition for the differentiability of the function 

𝑓 = 𝑢 + 𝑖𝑣 at a point 𝑧0 = 𝑥0 + 𝑖𝑦0 is that the first order partial derivatives 

of both 𝑢 and 𝑣 exist and 
𝜕𝑢

𝜕𝑥
=

𝑑𝑣

𝑑𝑦
 ,

𝜕𝑢

𝜕𝑦
= −

𝑑𝑣

𝑑𝑥
 at  (𝑥0, 𝑦0).                          8 

(b) Verify that the function ℎ(𝑥, 𝑦) = 3𝑥2𝑦 − 𝑦3 + 4 is harmonic in ∁.      7 

 

5. (a) Show that the set ∁[0,1] consisting of all real-valued continuous functions 

defined on [0,1] with the function 𝑑 given by 

    𝑑(𝑓, 𝑔) = Sup
𝑥∈[0,1]

|𝑓(𝑥) − 𝑔(𝑥)|, ∀ 𝑓, 𝑔 ∈ ∁[0,1] is a metric space.          8  

(b) Prove that in a discrete metric space every set is open. Using this result 

can you say that every set is closed?                                                             4+3 
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